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ABSTRACT: The states of three residues are correlated in a nearest-neighbor Ising model matrix treatment of a 
one-dimensional phase transition, in which nucleation is assumed to differ at each end of a regular sequence (asym- 
metric nucleation). The correlation of the states of three residues requires a 4 X 4 matrix, which cannot be reduced 
in size because of the asymmetric nature of the nucleation. Also, because of the asymmetry, at least four indepen- 
dent parameters for a homopolymer (rather than the two usually encountered in the helix-coil transition), and at 
least five for a specific-sequence copolymer, are required to describe the transition behavior. The most important 
current interest in such a treatment (for a homopolymer) is its applicability to the poly(L-proline) form I ~i form I1 
interconversion. The earlier treatment of Schwarz, using the nearest-neighbor Ising model (with a correlation of 
only two residues), is identical with the above treatment, and requires only a 2 X 2 matrix which greatly simplifies 
numerical computations, which are presented in the next two papers of this series. However, the 4 X 4 matrix treat- 
ment is required in order to make the asymmetric nature of the nucleation explicit and physically understandable, 
for a homopolymer; for a specific-sequence copolymer, such as a protein, it is essential in order to show how the 
asymmetric nature of helix nucleation differs from one amino acid to another. 

Extensive theoretical and experimental investigations 
have been carried out to obtain quantitative information 
about the nature and magnitude of the interactions which 
determine the stable conformations of polypeptides and 
proteins in s ~ l u t i o n . ~  In this connection, it is necessary to 
study cooperative conformational transitions in simple lin- 
ear systems in order to understand the interactions that 
determine the conformations of more complex biological 
macromolecules. Such knowledge would be useful for pre- 
dicting protein conformations, and for determining the 
mechanism for the folding of proteins. 

Among the naturally occurring amino acids, the L-pro- 
line residue is unique in its chemical structure and physical 
properties. A number of investigations4 have shown that 
poly( L-proline) and oligomeric derivatives of L-proline can 
exist in the trans and/or cis isomeric forms in solution. Fur- 
thermore, experimental equilibrium studies4 have demon- 
strated that poly(L-proline) undergoes a conformational 
transition between two helical forms, conventionally desig- 
nated as form I and form IL5l6 In the form I conformation, 
the peptide groups are in the cis conformation and the heli- 
cal sense is right handed. In the form I1 conformation, the 
peptide groups are in the trans conformation and the heli- 
cal sense is left handed. 

A number of theoretical treatments have been proposed 
to explain the n-helix s coil transition in polyamino acids.' 
The phenomenological theories of order s disorder transi- 
tions have been successful in interpreting experimental 
data in terms of a few parameters;' e.g., Zimm and BraggB 
used only two parameters, s and B,  to describe the a-helix 

coil transition. These phenomenological parameters 
have also been accounted for on a molecular basis by G6 et  
a1.y-12 In contrast to the a-helix s coil transition, that  for 
poly(L-proline), form I E? form 11, is a cooperative order 2 

order t ran~i t ion , '~- '~  a phenomenological theory for which 
has been proposed by Schwarzl6 and App1eq~ist . l~  In sec- 
tion IB of this paper, we will compare our theory with that 
of Schwarz, Applequist, and Zimm and Bragg. 

Schwarz's treatment correlates the states of only two 
residues (nearest-neighbor Ising model), and thus requires 
a 2 x 2 matrix for formulating the partition function. As a 
result, the asymmetric character of the nucleation, while 
present, does not appear explicitly in the elements (statisti- 
cal weights) of the matrix (in section IB, we will explain 
why the nucleation is asymmetric). We have, therefore, for- 

mulated a treatment, involving a correlation of three resi- 
dues (and hence a 4 X 4 matrix) in the formulation of the 
partition function; in this matrix, the elements clearly re- 
flect the asymmetric character of the nucleation. However, 
since the present formulation in terms of a 4 x 4 matrix is 
also based on a nearest-neighbor model, with no interac- 
tions between the (i - 1)th and (i + 1)th residues, the pres- 
ent theory and Schwarz's theory yield the same results for 
the conformational transition in a homopolymer; this is 
different from the case of the helix-coil transition, in which 
the 2 X 2 matrix formulationla differs slightly from, but is a 
good approximation to, the Lifson-Roig treatment'g in 
terms of a 4 X 4 matrix. However, by initially using the 4 x 
4 matrix treatment, the meaning of asymmetric nucleation 
becomes clear and explicit. Furthermore, the present for- 
mulation can be applied easily to the conformational tran- 
sition in a specific-sequence copolymer, where asymmetric 
nucleation must be taken into account, whereas it is impos- 
sible to apply Schwarz's theory to a specific-sequence co- 
polymer, in practice, because the '2 X 2 matrix contains the 
nucleation parameters a t  either the N or C terminus, but 
not both. I t  should be noted that, in contrast to the Lifson- 
Roig theorylg of the helix-coil transition, the 4 X 4 matrix 
for conformational transitions, such as that in the poly@- 
proline) form I $ form I1 interconversion, cannot be re- 
duced to a 3 x 3 matrix because of the asymmetric charac- 
ter of the nucleation in the poly@-proline) transition. 

In this paper, we will present a phenomenological 4 X 4 
matrix treatment of the poly(L-proline) transition as the 
most interesting example of a conformational transition in 
a homopolymer. With the meaning of the statistical 
weights thus made clear, we will summarize the 2 x 2 ma- 
trix treatment of Schwarz which is more easily adaptable to 
numerical computation. In paper 11,6 we will present a mo- 
lecular theory of this transition, in the absence of solvent. 
Finally, in paper III,20 we will introduce the role of solvent 
in the molecular theory. 

I. 4 X 4 Matrix Formulation 
A. Theoretical Formulation. In order to formulate the 

partition function for a one-dimensional polymeric system 
consisting of two states per residue, we assume that any 
conformation of the chain consists of alternating sequences 
of regular conformations, and that the free energy of a resi- 
due depends on its state and on the states of its immediate 
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neighbors (the basic assumption of the one-dimensional 
nearest-neighbor Ising model). 

To  be more general a t  the outset, we designate the two 
possible conformational states of a residue as a and 0. The 
free energy G of a particular conformation of a chain of N 
residues2I may be expressed in terms of the free energy of 
the i th residue, Gi, and of the interactions between the i th 
residue and its neighbors on either side, GI.-l,i and Gi,[+l, 
viz., 

G = [ G I  + (G1,? / ’2)]  A 

S - 1  

[ ( G i - i , i / 2 )  + G i  + 
i =? 

I t  should be noted that the term Gi-l,i,i+~ does not appear 
in eq 1, even though the states of three residues are corre- 
lated in the present matrix treatment. This differs from the 
4 x 4 (or, equivalently, 3 x 3) matrix formulation of the 
Lifson-Roig m0de1.l~ In the latter model, the term 
Gi-l,i,i+~ results from the hydrogen-bond interaction in the 
a-helix. Equation 1 may be expected to be a good approxi- 
mation to the free energy, when treating the form I form 
I1 interconversion in poly(L-proline), where no backbone 
hydrogen bond is involved. This may be stated alternative- 
ly by regarding eq 1 as a good approximation, for treating 
the poly(L-proline) transition, even though Gi--l,i,i+l may 
not be negligible, in the sense that the nearest-neighbor 
Ising model treatmentla of the helix-coil transition is a 
good approximation to the Lifson-Roig treatment.lg Thus, 
the treatment presented here is that for a nearest-neighbor 
Ising model, although the states of three successive resi- 
dues are correlated in the matrix to be described shortly. 

We assign a statistical weight w, to an i th residue in the 
a state, when both of its neighbors are in the a state, Le., 

w e  = e x p I - { ( G G Q i - , , , / 2 )  + + i ,  i + 1 / 2 ) } / R T  I 
(2 ) 

where R and T are the gas constant and absolute tempera- 
ture, respectively. Similarly, for the middle (ith) residue in 
a BPP conformation. 

By considering other possible triad conformations, we 
can introduce parameters which pertain to nucleation or 
termination; the notation for these parameters differs ac- 
cording to the location of a residue, its conformational 
state, and the direction of the conformational transition 
(Le,, from N to C terminus, or vice versa). Thus, consider 
the triad conformation aa(3 for residues i - 1, i, and i + 1, 
as an example. The free energy of asp, assigned to the i th 
residue, is 

(4) 
If we use the same statistical weight, w,, for the i th residue 
of aa(3 as was used for the i th residue of acya, then (from eq 
2) we would have 

= ( G Q Q i - , , i / 2 )  + G a i  + (G“i , i+, /2)  (5)  

However, since the net free energy for the i th residue in 
a06 is given by eq 4, we can obtain the correct free energy 
by subtracting Gaai,i+l/2 and adding G‘@i,i+l12 in eq 5 ;  this 
results from the change of the conformational state of the 
(i + 1)th residue from a to (3, for which we define a free en- 
ergy change 

(Gaa i -1 , i / 2 )  + G a i  + (Ga’i,i+i/2) 

-R?’ In 

-RT In uca = ( G Q B i , i + , / 2 )  - ( G a a i , i + l / 2 )  (6a) 

or 

The parameter ucm may have either of two meanings for a 
conformational transition from a to P in the direction from 
the N to the C terminus:’ viz., (1) the termination of the a 
sequence a t  the i th residue (at the C terminus of the a se- 
quence), or (2) the nucleation of the (3 sequence a t  the ( i  + 
1)th residue (at the N terminus of the (3 sequence). Thus, 
the statistical weight of the i th residue in the triad aa(3 is 
ucc(w,. The physical meaning of ucc1, deduced from eq 6a 
or 6b, is as follows: the nucleation of a p state at  the (i + 
1)th residue is difficult if Gm@ii.r+l > Ganl,l+l. In a similar 
manner, the statistical weight for the i th residue of the 
triad @Pa is uc@wp For the triad a(?@, for which the free en- 
ergy is (Ga@l-1,1/2) + G@, + (G@@[,[+1/2), the excess free en- 
ergy accompanying the nucleation of a a t  residue i - 1 is 
(Ga@I-1,1/2) - (G@@[-1,[/2), analogous to eq 6a, when the 
parameter wp is obtained from eq 3. Thus, we may define a 
parameter ON@ as 

Hence, the statistical weight for the i th  residue is U N @ W @ .  It  
should be noted that the subscripts i - l,i in eq 7 differ 
from those (i,i + 1) that appear in eq 6b. Thus, the parame- 
ter UN@ may have either of two meanings for a conforma- 
tional transition from to a in the direction from the C to 
the N terminusFl viz., (1) the termination of the (3 se- 
quence a t  the ith residue (at the N terminus of the (3 se- 
quence), or ( 2 )  the nucleation of the a sequence a t  the ( i  - 
1)th residue (at the C terminus of the a sequence). In a 
similar manner, the statistical weight for the i th residue of 
the triad (3aa is U N ~ W , .  

By referring to the triad conformations in column 1 of 
Table I, the free energy of the middle (ith) residue can be 
written as in column 2. Then, by analogy to eq 4-7, we ob- 
tain the statistical weights of the ith residue in column 3, 
for the conformational states in column 1, where 

The physical meaning of a in UN(? (and @ in u@‘) can be un- 
derstood by substituting P for a in case (2) of the illustra- 
tion for UNO described above [or by substituting a for @ in 
case (2) of the illustration for uc“] .  

It  should be noted that all w and u parameters intro- 
duced here depend on the states of three residues, i - 1, i, 
and i + 1, and thus differ from corresponding quantities in 
Schwarz’s treatment, in which the states of only two resi- 
dues determine the magnitudes of these parameters. 

The number of statistical weights may be reduced by de- 
fining four other statistical weights as follows: 

s = / f \ J / r B  (10) 

For the conformational transition in a hornopolyrnPr, the 
parameters UN and uc have the same values because 

and G@@l,,+l = G@@l-l  in eq 6-9, which yields 
Gn@[*l+l = G,@l-I,l) G@cr,,l+l = G.p,,l-, ), W~) )+ ,  = (:““,-I ) )  
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Table I 
Conformational States and  Statistical Weights 

Relative statistical wt of ith residue 
Dummy 

Conformational state of Free energy Statistical wt For For specific- statist- 
i - 1  i i + l  of ith residue" of ith residue homopolyiner sequence copolymer ical wt 

~~~ ~~ 

CY (Y (Y (G""2) + G" + (G"", '2) S S Pi 

CY CY /3 (Ga"; /2)  + G" + (G""2) uC"w, o1 /4&i / J s  Ocl / J & l  l J s  

O 1 / ? , .  - 1 / d  -1ll 1 / d O  1 /Jp.v- l  / J p c - l  / A  
CY /3 (Y (Gaa,'2) + G4 + (G",'2) o ~ ~ u ~ ~ ~ ~  i j . v  Bc O.v c q3 

/3 CY (Y (G0",'2) + G" + (G"", /2)  C T ~ ~ Z P ,  011 p ,"I I d s  0 ,,,I 1 dp" 1 s (71 
0 1 I J P N -  1 / d  

CY 8 fi  (G"'4/2) + Go + (G5','2) UN%PB Y 5  

fi  CY /3 (GE";'2) + G" + (G" ' /2 )  U ~ ~ " C T ~ " ~ ( ' ,  d'2ijN'/1,3C1'1s O N i  / J U C 1  llij,vi / 4 & 1  

/3 /3 CY (Go4./2) + G B  + (GBu,/2) UC4iP4 u 1  / Ipc- l  1 4  

0 3 ,!? (GB6,'2) + GB + (G54'2) ?('o 1 

(12 

N l  I 4 'v- 1 I 4 

O c i / J  - l / d  
(16 

P C  q7 

1 q8 
For convenience. the subscripts have been omitted from the G's. However, i t  should he understood that  t he  subscripts i - 1,i apply to the 

first term,  i to  the second term,  and i.i + 1 to the third term. 

5 = 5\ r OC (14) 
However, this is not true for the conformational transition 
in a specific-sequence copolymer, since the equivalence of 
the free energy terms (depending on i) no longer holds, in 
general, because of the different chemical species a t  resi- 
dues (i - l), i, and (i + 1); thus, in this case UN # oc. A 
discussion of the reduction in the number of variables (eq 
10-13) and of the physical meaning of s ,  u, P N ,  and Pc will 
be deferred until section IIA. The right-hand sides of eq 
11-13 are squared because the corresponding free energy 
terms are divided by 2 in the definition of uta, uc@, UN", 

and UN@. For the case of a specific-sequence copolymer, we 
may rewrite these quantities as 

U"" = 5 v i " / 3 , v 1 ' l  (15) 

0,; = 5 N 1 ' d @ N - 1 ' d  (16) 

(17) 1 1 4  i l l  oca = uc sc  

5 c B  = 4 / 4 & - 1 / 4  (18) 

and, for the case of a homopolymer, the use of eq 14 in eq 
15-18 gives 

(19') 0 1 1 1 4  
5 v  = \. 

5yo = 5 ' / 4 , 3 * - ' /  (20) 

Crc " = 5 1 / l $ c l / 4  

u c B  = 51/i$-l/4 (22) 

(2 1) 

Using eq 15-22, and dividing by wa (to obtain relative sta- 
tistical weights), and defining s as W J W ~ ,  we obtain the 
quantities in column 4 (for a homopolymer) and in column 
5 (for a specific-sequence copolymer) of Table I. For the fa- 
miliar helix-coil transition in a homopolyamino acid 
(where cy = h and (3 = c), the usually made assumption of 
symmetric nucleation leads to 

5 \ c  = 5 c c  = 1 ( 2 3 )  

and 

/j, 1 ,& = (u,4)! = (u,o)2 = 0 (24) 

The exponent, 2, in eq 24 arises from the fact that the free 
energies were divided by 2 in the definition of UNO (or U N D )  

and uc" (or oc@) in eq 8 and 6b, respectively. Further dis- 
cussion of u will be presented in section IB. 

So far, we have described the conformational states and 
their statistical weights for the residues in the interior of 
the chain. In section VI of paper III,20 we suggest that end 
effects have to be considered in order to account for the ex- 
perimental results, especially for polymers of low molecular 
weight. For this purpose, we now examine the statistical 
weights for the residues at  the N and C termini of the 
chain. Consider first the conformational states and statisti- 
cal weights for the first residue at  the N terminus.*l In 
order to take the end effects into account, we now define 
the excess free energy, G ' ~ ,  for the first N terminal residue 
of the chain (when it is in an cy state) as that arising from 
the specific properties of the end residues. The contribu- 
tions to CON may be regarded as the decrease in free energy 
because of the absence of interactions between the first res- 
idue and its (missing) neighbor on the left, -G'lo1/2, and 
the free energy contribution from specific interactions be- 
tween the solvent and the N terminal group, G a B O l v , ~ .  Thus 

G Q \  = ' 2 )  + GQSOl",  \ (25) 

If, say, residues 1 and 2 are both in cy states, then the free 
energy for this cycy dyad is given by 

G O ,  + G a l  + ( G e l , ,  2) (26) 

We then define a parameter ? N O ,  related to the free energy 
of eq 25, as 

; = expjA;", X T ~  (27) 

Thus, using eq 25 and 27, we can assign the statistical 
weight ~ N ~ w ~  to the first residue at  the N terminus when 
the first two residues are in the acy state. From similar con- 
siderations of all other possible conformational states at  
the N and C termini (see the second column of Table II), 
we obtain the statistical weights that are given in the third 
column of Table 11, where 

y N E  = exp[-GaN/RT] (28) 

y c a  = exp[-Gnc/RT] (29) 

ycB = exp[-~',/RTl (30) 

and ucu, UNB, UNO and ucB are defined in eq 6b, 7,8,  and 9, 
respectively. By analogy to eq 12 and 13, the parameters C N  

and 
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i + l a  
( - 1  i 

Table I1 
The Statistical Weights of the End Residues of the Chain 

Statistical 
Conformational wtC for the 

states of the helix-coil 
f irst  or last Relative statistical wtb of the end residue transition 
two residues Statistical in poly- Dummy 
at the ends wtb of the For specific- amino statistical 

Statistical wt for the nearest-neighbor Ising model' 

Chain end of the chain end residue For homopolymer sequence copolymer acids wt 

p ff p 
a cy f i  p 

N term in u s  f f f f  yNa?Va E N 1 / 2 S  E N t / 2 S  (14 (1,") 

q6 q N ' 2 '  

o f f  y N%r c%4'B ,1 /Jpc-' 11 u c l  14pc-l 11 q: q N ' 3 '  

B P  Y N  11'0 1 1 (18 

C terminus f f f f  Y ca w e  E c ' / ? S  E c' 12s 42 4c"' 

u N 1  l 4 P N - 1 l 4  45 4 c ( 2 )  

q6 4c'3 '  

ENl/2~llJpc1/4s 112 ,  l l 4 p  1 / d S  f f P  Y N a U C a  ?Pa E N  C C 

B 

YCBa,v"4)B u 1  / s p N - l  I?  f f 1 3  

P f f  y Ca a N a  we f i N  s E C  

P P  Y CB1('B 1 1 4e (1 c 

Ec1/2a1/4 - 1 1 4  t DONI l4p" l i s  

( 4 )  

a These statistical weights are applicable to  the form I s form I1 interconversion of poly(L-proline). in which the (Y and 6 states are taken 
as form I and form 11, respectively. If circular boundary conditions (i.e.. no end effects) are applied to  t h e  chain, the statistical weights are 
given by: y . ~ *  = y,@ = y p  = ycd = 1 or c M  = c c  = 1. c' This column pertains to the helix-coil transition in the polyamino acid model. where 
a and p refer to the a-helical and coil states, respectively, and the 0th and ( N  + 1) th  residues are taken as c states. The parameters 4 ,  are 
those given in the last column of Table I .  

In contrast to the Lifson-Roig matrix, the matrix of eq 33 
c,annot be reduced to a 3 X 3 one because of the asymmetric 
nature of the nucleation. The partition function, 2, may 
then be written as 

, N-1 , 
z = u( H W i ) U +  

i =?  
(34) 

and 

and the superscript plus sign designates the transpose of 
the vector. The statistical weights for the end residues (in 
eq 35 and 36) are given as dummy statistical weights in the 

last column of Table 11; the actual statistical weights are 
those of columns 3, 4, and 5 of Table 11. These statistical 
weights are used for the end residues in the same way that 
the statistical weights of columns 3, 4, and 5 of Table I are 
used in eq 33 for the interior residues. 

If the present formulation is applied to the helix-coil 
transition in polyamino acids (using the statistical weights 
q,, for i = 1-8, of Table I), then the statistical weights q ~ u )  
and q$)  (for j = 1-4) of eq 35 and 36 are replaced by the 
statistical weights for the coil state (p,  in the present for- 
mulation), Le., (q4 ,  96, q7 ,  48)  for the first residue and ( q 2 ,  
q 5 ,  q6,  48)  for the last residue (see column 6 of Table 11). 
This is the way the end residues have been treated in ear- 
lier formulations8J8J9 of the helix-coil transition, Hence, 
for the helix-coil transition in polyamino acids, eq 34 can 
be simplified to 

(3 7)  

since 
u = ( q l ,  (/,>. ( I , ,  ( / J  = eW, (38) 

and 
u+= ( ( I ? ,  q : .  (/I.. q8)+  = , W N e +  (39) 

where 

e = ( 0 ,  0. 1 ,  1) (40) 

e+ = (0 ,  1, 0. 1)' ( 4  1) 
In general, the average fraction, O, ,  of state i in the sys- 

tem (where i = 1 to 8) is obtained directly from the parti- 
tion function as 

and 

(42) 

For the case of interest here, we seek O,,,  which is defined as 

(43) 
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Table I11 
Comparison of the  Nucleation Parameters of Several Theories 

An example of a conformational sequence of a's  and p's and the 
Theory statistical weights for nucleation 

Zimm-Bragga 

Applequist* 

Residue 1 
( N  t e r m inu s ) 

Residue N 
(C terminus) 

P 

Tanaka-Scheragac 4,"' (i = 1 4 )  

cut, for cy 
or 

Pts for  P 
I 

q,"' (i = 1 4 )  
a The cy and p states should be regarded as a-helical and coil states, respectively.8 From ref 17. Present study. The dummy statistical 

weights listed here are given explicitly in Tables I and 11. 

where 

(44) 

B. Discussion. In section IA, we assumed that the free 
energy of a residue depends only on its state and on the 
states of its immediate neighbors. This is an extremely sim- 
plified (one-dimensional Ising) model of a real polyamino 
acid chain that undergoes a helix-coil (or helix-helix) tran- 
sition. Indeed, in all theories thus far proposed for these 
transitions, the free energy of any regular sequence de- 
pends only on the nature of the conformation and on the 
number of residues in the sequence; i t  is further assumed 
that the sequences are independent of one another, Le., 
there is no energy of interaction between neighboring se- 
quences. However, it  is not necessary to make the latter as- 
sumption in order to treat the conformational properties in 
terms of the one-dimensional Ising model. In a one-dimen- 
sional nearest-neighbor Ising model, we may include 
longer-range interactions by taking larger units than a sin- 
gle residue. Thus, for example, if we define new units as 
 CYC CY CY, aaP@, PPaa, pP&?, a&@, etc., we can calculate all in- 
teractions within a tetrad, and then build up a nearest 
neighbor king model matrix from these tetrads. Each tet- 
rad that is a combination of a and /3 states would contain 
various nucleation parameters, and the number of such nu- 
cleation parameters would depend on the length of these 
new units. The lengths of these new units can be taken as 
large as necessary to account for the long-range interac- 
tions. Although such a new formulation would involve ad- 
ditional computational effort, the free energy of a sequence 
in a real polyamino acid chain would then depend not only 
on the length of the sequence but also, more or less, on the 
length of its neighboring sequences. Thus, the initiation 
parameter, assigned to a residue a t  a junction between two 
different sequences, would depend on the junction free en- 
ergy arising from the interaction between neighboring se- 
quences. In this respect, the Zimm-Bragg8 nucleation pa- 
rameter u (which they assigned to the first residue of a heli- 
cal sequence) would depend not only on the length of the 
helical sequence to which it is assigned but also on the 
length of the preceding coil sequence. However, the contri- 
butions of most of the residues in the preceding coil se- 
quence to the junction free energy seem to be negligible, to 
a first approximation. Thus, one of the assumptions in the 
Zimm-Bragg theory could be that u depends on the length 

a a + - + -  a +- a l n q a  8 In q I  8 In q2 a In q4 8 In q6 
a --- - a 

of only the helical sequence. However, Zimm and Brag$ 
made the more restricted assumption that u is independent 
of the length of the helical sequence; i.e., they used a single 
value of u, and assumed it to be constant for the first resi- 
due of any helical sequence when the helical sequence was 
longer than two residues. In the molecular theory of Gb et 
al.,9-12 i t  was also assumed that the value of c is indepen- 
dent of the length of the preceding coil sequence (the junc- 
tion residue being involved in the helical sequence), and 
was defined for a succeeding helical sequence of infinite 
length. However, in the molecular theory of the poly@-pro- 
line) transition developed here and in the accompanying 
papers,6V2O the nucleation parameter u is treated as being 
dependent on the lengths of both sequences that meet a t  a 
junction; the contributions of the long-range interactions 
between the form I and form I1 sequences thus appear in 
the junction free energy. Even though the parameter u in- 
volves sugh long-range interactions, it can be evaluated ef- 
fectively from a phenomenological nearest-neighbor model 
in which long-range interactions do not appear explicitly in 
the simple low-order matrix used in the theory, because 
(after matrix multiplication) the parameter u appears only 
a t  the first residue of a helical sequence of various lengths. 

A similar argument can be presented for the parameter s. 
A constant value of s for an infinite chain (instead of values 
which, in principle, depend on the lengths of the helical se- 
quences) may be derived from a nearest-neighbor model of 
the transitions in polyamino acidsg-I2 and in poly(L-pro- 
line).6-20 Thus, many successful interpretations of experi- 
mental results6-12J8~z0 have demonstrated that the nearest- 
neighbor interaction models (even those using a 2 X 2 ma- 
trix) can simulate the conformational transition of a real 
polyamino acid chain (without the more tedious computa- 
tions required when higher-order matrices are used to take 
long-range interactions into account in the one-dimension- 
a1 Ising model, as described above). 

We next compare various theories proposed for confor- 
mational transitions in polyamino acids and poly@-pro- 
line), viz., those of Zimm and Bragg,8 Schwarz,16 Apple- 
quist," and the present authors. The main differences 
among these theories are in the treatment of the nucleation 
process, whereas the propagation step is treated in the 
same manner in all theories. For this comparison, the nu- 
cleation parameters of these theories are summarized in 
Table 111, using a particular set of sequences of (Y and (3 as 
an example. Schwarz's treatment is not included in Table 



V O ~ .  8, NO. 4 ,  July-August 1975 Phenomenological Theory of the Poly(L-proline) Transition 499 

I11 because his theory requires the specification of both di- 
rections of the conformational transition (i.e., from N to C 
terminus, and from C to N terminus) in order to assign the 
statistical weights (for nucleation) to conformational se- 
quences such as that given in Table 111. In contrast, in the 
other theories, only one direction (which may be taken 
from the N to the C terminus, as usual,21 in accordance 
with the direction of the matrix multiplication of eq 34 or 
37)  needs to be specified to assign the statistical weights to 
conformational sequences such as that of Table 111. There- 
fore, the nucleation parameters of Schwarz’s theory will be 
discussed separately in section IIB. 

As seen in Table 111, the nucleation parameter of the 
Zimm-Bragg theory is assigned only to the initial residue 
of the a (Le., a-helical) sequence. In Applequist’s treat- 
ment, two different parameters, t,,p and t p , m ,  are used to 
describe the nucleation of the @ and a sequences, respec- 
tively, in the interior of the chain. In both the theories of 
Zimm and Bragg, and Applequist, it  was assumed that the 
conformational transition can occur only in the direction 
from the N to the C terminus in accordance with the direc- 
tion of matrix multiplication. On the other hand, in our 
theory, the conformational transition can occur in both di- 
rections, although the matrix multiplication is carried out 
from the N to the C terminus. The nucleation statistical 
weights q 7  and q 2  are assigned to the nucleation of a a t  the 
N terminus of an a sequence and of p at the N terminus of 
a @ sequence, respectively (or to the termination of a f l  and 
an a sequence, respectively), in a transition occurring from 
the N to the C terminus of the chain; q 4  and q j  are as- 
signed to the nucleation of @ a t  the C terminus of a @ se- 
quence and of a at the C terminus of an a sequence, respec- 
tively, in a transition occurring from the C to the N termi- 
nus of the chain. As for the end effects, these are not taken 
into account in the Zimm-Bragg theory, whereas it is taken 
into consideration only a t  the C terminus of the chain in 
the Applequist theory. However, in our theory, the end ef- 
fects, which can play an important role in the transition 
when the polymer chains are short (see discussion in paper 
11120), are taken into account explicitly (see also section 
IA). 

In the theory presented in this paper, as well as in the 
theories of Schwarz and Applequist, the asymmetric prop- 
erties of nucleation were introduced. In general, this asym- 
metry may be caused by the asymmetric chemical structure 
of amino acid residues even in a homopolymer (Le., one end 
of the chain has an amino group, and the other end a car- 
boxyl group), and by the effect of the amino acid sequence 
on the energies of interaction in a specific-sequence copoly- 
mer. Indeed, for the form I s form I1 interconversion in 
poly(L-proline), the junction free energies for the se- 
quences 1-11 and 11-1 differ considerably, as shown in paper 
II;6 this difference leads to the asymmetric nucleation of 
the helical structures. 

According to the formulation of section IA, the possible 
end effects are incorporated in the end-effect parameters 
t~ and tc. These parameters influence the statistical 
weights a t  the ends of the chain; i.e., or CC% are 
used at  the ends (see Table 11) rather than s which is as- 
signed to residues in the interior of the chain (see Table I). 
On the other hand, the nucleation parameters UN, UC, @N, 
and Bc can be used a t  the end residues as well as in the in- 
terior of the chain (see Tables I and 11). Hence, hereafter 
we will designate y ~ , ,  ~ N P ,  y p ,  and yc* (or C N  and CC) as 
“end effect” parameters. 

If circular boundary conditions are assumed, as is done 
in treating an infinite chain in the one-dimensional king 
model, then the additional interaction between residues 1 

and N (e.g., G a m ~ , l )  is treated as an interior interaction 
(e.g., GPai,i+l), neglecting the contribution of specific inter- 
actions between the solvent and the end groups. Thus, the 
“end effect” parameters Y N “ ,  7 ~ 6 ,  yc”, and ycp (or t~ and 
tc) vanish, and the four parameters s, u, @N, and pc are 
sufficient to describe the transition. 

In summary, in order to describe a transition in a poly- 
mer chain in which asymmetric nucleation must be taken 
into account, four interesting cases can be distinguished, 
viz., (i) an infinite homopolymer chain, in which the four 
parameters s, u, @N, and @c are necessary, Le., if circular 
boundary conditions are assumed; (ii) a real (open) homo- 
polymer chain ( C N  # cc), in which the various end effects 
have to be taken into account, and the six parameters s, U ,  

@N, @c, C N ,  and tc are necessary; (iii) an infinite specific- 
sequence copolymer chain, in which it is necessary to dif- 
ferentiate the nucleation parameters a t  the N and C termi- 
ni of a sequence, and UN and uc ( U N  # uc) must then be 
used instead of the single parameter u (Le., the five param- 
eters s ,  ON,  uc, @ N ,  @c are required); (iv) a real (open) spe- 
cific-sequence copolymer chain, in which the seven param- 
eters s, UN,  uc, @N, &, t ~ ,  and tc are required. In order to 
decide which approximation to use to describe a conforma- 
tional transition in a particular polymer chain, we must 
consider the chain length, the species of end groups, and 
the interactions between the end groups and the solvent. 

11. Schwarz’s 2 X 2 Matrix Formulation 
A. Summary. Having shown the structure and meaning 

of the statistical weights, we now summarize the results of 
Schwarz’s 2 X 2 matrix theory since this leads to a quadrat- 
ic secular equation, with which it is relatively easy to com- 
pute 6,. 

It  is also possible to formulate the theory of the confor- 
mational transition by defining the free energies Gqi and 
G“~i,i+l corresponding to the internal properties of the ith 
residue and to the nearest-neighbor interaction between 
the ith and (i + 1)th residues which are in the conforma- 
tional states v and l ,  respectively (where 7 and E may be re- 
placed by (Y and p) (alternatively Gq$-l,i may be used in- 
stead of GvEi,i+l). In the treatment of section I, we assigned 
half of GVEi,i+l to the i th residue and half to the ( i  -+ 1)th 
residue to obtain eq 1 for the total free energy, G, of a chain 
of N residues. Using the present assignment of free ener- 
gies, the corresponding equation to eq 1 is 

.Y -1 

G = ( G ,  + G , , ? )  + X ( G i  + G i , i t l )  + G.v (45) 

Equation 45 implies that a possible conformational state of 
the chain can be represented by a sequence of statistical 
weights whose general form is 

i = ?  

= exp[-(GVi + ( ; q ( i , i t l )  / R T ]  (46) 

We also define the quantity 

Since we are interested here in the poly(L-proline) I c I1 
interconversion, we shall replace 7 and E (or CY and 8) by I 
and 11, respectively.22 The appropriate 2 x 2 statistical 
weight matrix for the ith residue is 

(48) 
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Table IV 
Schematic Description of Elementary Processes and  Equilibrium Constants, Based on Schwarz’s Theory 

Equi- Illustrative description of 
librium the process for the theoretical 

Elementary process“ constant formulation of the statistical wt 

Growth process . . .II, 11, I. . . . . .II,I, I. . . s 

Nucleation of an 
isolated I at an 
internal residue 

isolated I1 at an 
internal residue 

Nucleation of I at 
the N terminus of 
a I1 sequence 

the C terminus of 
a I1 sequence 

the N terminus of 
a 1  sequence 

the C terminus of 
a I sequence 

. . ,II,II, 11. . . . . -11, I, 11. . . as 

Nucleation of an . . .I, I, I. . . f . . .I, 11, I. . . 5/s 

O,II, 11. . . e 0, I, 11.. . 

Nucleation of I at . . .II, 11,O cl. . . .II, I, 0 a ” p  

Nucleation of I1 at 0, I, I.. . a o,II, 1. . . ’ U’JS 

Nucleation of I1 at . . ,I, I, 0 . . .I, 11, 0 u r ’ I I / s  

II,II,II . . .  II,II,I I I...I I - .+ 
j + l  j 

11, I1,II. . * II, 11, II,I, I. . .I, I. I 
j j + l  

II,II ... II,II,II a 1,1 ... I,I,II, II... II,II - 
2j j j 

11, I1 ... II,II,II r I I , I I . . . I I , I I , I , I , I . . . I , I  - -- 
2j j j 

I,I,I ... 1 , 1 , 1 a  11, II... II,II,I,I ... 1,1 
2j j j 
- -- 
1,I ... I,I,I a 1,1 . . .  I,I,II I1 ... I1,II 
b .. H- 

2j j j 

(IV-1) 

b 

b 

(IV-2) 

(IV-3) 

(IV-4) 

(IV- 5) 

(1 The symbol 0 denotes the absence of an interresidue interaction (see text), and not the end of the chain. When 0 appears at the left end 
of a sequence, it means that the ith residue (as the first one) interacts with residue ( i  + 1) and not with residue ( i  - 11, and it does not matter 
what the conformation of residue ( i  - 1) is. An analogous meaning pertains to a 0 at the right end of a sequence. It is not necessary to  in- 
troduce o in the original formulation since the value of u may be calculated on the basis of 1V-2 to IV-5, using eq 63. 

Any possible conformational state of a chain of N residues 
can be represented by a sequence of the symbols I and 11. 
The statistical weight of the given sequence may be written 
as a product of statistical weights assigned to each state 
(which, in turn, depend on the conformation of each resi- 
due and that of its nearest neighbor), i.e., as a product of 
the elements of the matrix of eq 48. 

The statistical weights introduced by SchwarzlG (and 
which differ from those of section I) were defined as fol- 
lows, with the aid of the elementary processes described in 
Table IV: SI is assigned to a I which is followed by a I, i.e. 

SI = ?f’I,I (49) 

and S I I  to a I1 followed by a 11, i.e. 
SI1 = ~ ~ ‘ 1 1 , I I  (50) 

The growth process (IV-1 in Table IV) then has an equilib- 
rium constant 

!f311,1f~,I,I / q 1 ,  I I ? ( h .  I = SI ’SI1 (51) 

which is defined as s. The nucleation of a I a t  the N termi- 
nus of a I1 sequence (IV-2 in Table IV) has an equilibrium 
constant w ~ , I I / w ~ ~ , I I ,  which may be written as 

I f  ‘I, I I !(‘I, I /wl, I !(‘I I , I I = U‘I s (52) 

where 0’1 is defined as 

Q‘I = / ~ ~ I , I I / ~ ~ i ,  I f 53) 

Likewise, the nucleation of a I1 a t  the N terminus of a I se- 
quence (IV-4 in Table IV) has an equilibrium constant 
U’I~/S, where 0’11 is defined as 

U’II = ~ ~ , I I , I / 4 I , I I  (54) 

Similarly, the nucleation of a I a t  the C terminus of a I1 se- 
quence (IV-3 of Table IV) has an equilibrium constant 

If’II,IIII/z(~II,IIzlII = u ” I s  (55) 

where 

D‘’I = ?f’II,I ~ I / ? ~ ’ I , I ! ~ I I  (56) 

Likewise, the nucleation of a I1 a t  the C terminus of a I se- 
quence (IV-5 in Table IV) has an equilibrium constant 
u”I~/s, where 

u”11 = ~ ~ . I , I I ~ ~ I I / ~ ( ~ I I , I I ~ ~ I  (57)  

Finally, the nucleation of an isolated I a t  an internal resi- 
due (line 2 in Table IV) has an equilibrium constant 

II’II ,IZ.(~I,II/I( .II ,II /(’II ,II  = o‘Iu‘IIs = US (58) 

where u = u’ru’11, and the nucleation of an isolated I1 at  an 
internal residue (line 3 in Table IV) has an equilibrium 
constant 

(59) ? ~ ‘ I , I I ? ~ ’ I I , I / ? f ~ I , ~ ! f I , ~  = u~“”I I / s  = u/s  

where u = U”IU”II. 

Thus, eq 48 can be rewritten as 

(60 )  
- i 1 Ili 

11 SI1 U’IISII 
I 

It should be noted that, in contrast to eq 33, eq 60 [which 
correlates the states of the i th and (i + 1)th residues] treats 



Vol. 8, NO. 4, July-August 1975 Phenomenological Theory of the Poly@-proline) Transition 501 

a transition as if it occurred only in the direction from the 
N to the C terminus; i.e., only U’I and U’II appear, but not 
U”I  and ~ ” 1 1 .  Nevertheless, restricting our consideration to 
the conformational transition in a homopolymer, the nu- 
merical values (such as the partition function and thermo- 
dynamic quantities computed from the partition function) 
calculated by using eq 60 are the same as those obtained 
from theories (such as that developed in section IA) in 
which the two directionalities of the conformational transi- 
tion (Le., from N to C terminus, and vice versa) are taken 
into account (as will be proven in the next paragraph). The 
reason for this is that  conformational nucleations in the in- 
terior of the chain may be expressed in terms of a single nu- 
cleation parameter, u, regardless of whether, say, a I is nu- 
cleated from the N to the C terminus (U’IU’II or uc in the 
formulation of section IA) or from the C to the N terminus 
(U”IU”II  or U N ) ,  because u = U’IU’II = U”IU”II or u = uc = UN 

for a homopolymer. (See also the description of the physi- 
cal meaning of u,  p’, and /Y‘ in the next paragraph and in 
section IIB.) 

We stated in section IA that our 4 X 4 matrix theory and 
Schwarz’s 2 X 2 matrix theory led to the same result. In 
order to demonstrate t,his, consider the following sequence 
as an example 

1 2 3 4  i 1 2 3  1 5  
K I I ,  I, 11, II o r  P ,  B ,  Q, P ,  ti (61) 

Then, let us consider the statistical weights for this se- 
quence by using our formulation and that of Schwarz, ten- 
tatiuely neglecting the end effects a t  residues 1 and 5. On 
the basis of section IA (column 3 of Table I), the statistical 
weights are uc@wg, U N ~ U C ~ W ~ ,  and U N @ W ~  for residue 2 of 
triad p1p2a3, for residue 3 of triad p2a3p4, and for residue 4 
of triad a3P4p5, respectively. The product of these statisti- 
cal weights is uwa2w, (using eq l l a ,  I l b ,  and 14) for a ho- 
mopolymer. On the other hand, on the basis of Schwarz’s 
formulation (see eq 60), regarding the sequence of expres- 
sion 61 as resulting from a conformational transition from 
the N to the C terminus of the chain, the statistical weights 
are ~ ’ 1 1 ~ 1 1 ,  U’ISI, and SII  for residue 2 of the dyad 11213, for 
residue 3 of the dyad 1“114, and for residue 4 of dyad 114115, 
respectively. The product of these statistical weights is 
us,,*sI (uking eq 58, or the later eq 63), which is exactly the 
same as uwp2w, if a and /3 are replaced by I and I1 and w is 
replaced by s. Applying the above reasoning to any se- 
quence of 1’s and II’s in the whole chain, the equivalence of 
our formulation (section IA) and that of Schwarz is demon- 
strated. Thus, if the statistical weights for the end residues 
of the chain, which have been omitted from the above dis- 
cussion, are treated in the same manner in both theories, 
then both will lead to the same result; case (i), in the dis- 
cussion of the treatment of end groups at the end of section 
IB, corresponds to the treatment of end groups in 
Schwarz’s theory. 

The six parameters W I J ,  ~ 1 . 1 1 ,  WIIJ, WIIJI, U I ,  and U I I  of eq 
46 and 47 are the independent variables. However, since 
the values for one of WJ, ~ I I ,  WIIJ, and WII,II, and for one 
of U I  and U I I ,  may be chosen arbitrarily (as the choice of 
standard state), eq 49-60 may be expressed in terms of any 
four of the independent variables. Thus, the equilibrium 
behavior of the system may then be described by the de- 
gree of polymerization, N ,  and the four new independent 
parameters (defined in terms of those of eq. 49-59) as 

The relationships between the elementary processes and 
these equilibrium constants are summarized in Table IV. 
The quantity s of eq 62 may be regarded as the equilibrium 
constant for the growth process, II,II,I ~t II,I,I. The physi- 
cal meaning of u, p’, and p” of eq 63-65 may be understood 
by comparison with u, /3c, and PN of.the formulation pre- 
sented in section IA (this may be seen by substituting I and 
I1 for CY and @ in eq 12’, and comparing it with eq 64”, like- 
wise, by comparing eq 13’ and 64‘; all of these equations ap- 
pear later). For this purpose, it  is instructive to express the 
parameter a in terms of free energy by using eq 46, 53, 54, 
and 63 which are related to the quantities U’I and U’II (or eq 
46, 47, 56, 57, and 63 which are related to the quantities u ’ ’ ~  
and U ” I I )  based on Schwarz’s formulation, viz. 

-RT In IJ = (G’I” + G X 1 * I )  - (GI” + G”I”) (63’) 

In terms of the formulation of section IA, the correspond- 
ing expression is 

-RT In IJ = (GO$i , i+ l  + G 8 ” i , i + l )  - 

!GOLOLi,j+l + G”i,i+i) (14’) 

by using eq 6b, 9, l l b ,  and 14 or 

-RT In u = (GcLBi_f,i + GBai_ l , j )  
( G o a i - i , i  + G 8 4 i _ l , i )  (14”) 

by using eq 7 ,  8, l l a ,  and 14. As seen in eq 63’, 14’, and 14”, 
the nucleation parameter u is determined by the difference 
in free energy between the junction free energies (1,II and 
I1,I) and the free energies of the homogeneous pairs (1,I and 
II,II), which means that the value of u measures the diffi- 
culty of nucleation of the junctions 1,II and II,I relative to 

.I,I and I1,II. Also, as seen in eq 63‘, 14’, and 14”, the param- 
eter u is common to both directions of the conformational 
transition in a homopolymer (see the last paragraph of this 
section for an analogous discussion for a specific-sequence 
copolymer). 

In order to understand the physical meaning of the pa- 
rameters p’ and (3” of Schwarz, or /3c and of our formu- 
lation, it is also helpful to express these parameters in 
terms of free energies. Thus, we obtain 

-RT In p’ = -RT In ( I J ’ ~ / I J ’ ~ ~ )  = 

- 

( G I * ”  - GI”) - (G”” - G11111) (64‘) 

by using eq 46,53,54, and 64, and 

-RT In p f ’  = -RT In (IJ”~/U”~) = 
(GIIfl - G1vI) - (GI ,”  - G I I t I I )  (64”) 

by using eq 46, 47, 56, 57, and 65. In terms of the formula- 
tion of section IA, we obtain 

-RT In p N  = -RT In (U”,/IJ~,)~ = 

( G B u i _ l , i  - G “ ” i - i , i )  - ( G a E i - l , i  - G B 5 i - 1 , i )  (12’) 

by using eq 8,7,  and 12 and 

-RT In pc = -RT In ( I J ” ~ / U ~ ~ ) ~  = 

(GcLBi,i+l - G u a i , i + l )  - ( G 8 a i , i + l  - G B 8 i , i + l )  (13’) 

by using eq 6b, 9, and 13. Substituting I and I1 for a and 6 
in eq 12’ and 13’, we obtain the equations expressed in a 
notation directly applicable to the form I s form I1 inter- 
conversion in poly(L-proline). As seen in eq 64‘ (or eq 13’), 
the parameter p’ (or pc in our formulation) measures the 
difficulty of nucleation of a I1 (or P )  state a t  the N termi- 
nus of a I1 sequence relative to the nucleation of a I (or (u) 
state a t  the N terminus of a I sequence for a conformation- 
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a1 transition occurring from the N to the C terminus of the 
chain; hence, 6’ (or Pc) depends on the directionality of the 
transition. Expressed in another way, we may say that, for 
a conformational transition occurring from the C to the N 
terminus of the chain, p’ (or P c )  measures the difficulty of 
termination of a I (or cy) state a t  the C terminus of a I se- 
quence relative to the termination of a I1 state a t  the C ter- 
minus of a I1 sequence. On the other hand, (3’’ (or P N )  mea- 
sures the difficulty of nucleation of a I1 state at the C ter- 
minus of a 11 sequence relative to the nucleation of a I state 
a t  the C terminus of a I sequence for a conformational 
transition occurring from the C to the N terminus of the 
chain. Expressed in another way, we may say that, for a 
conformational transition occurring from the C to the N 
terminus of the chain, p“ (or P N )  measures the difficulty of 
termination of a I state a t  the N terminus of a I sequence 
relative to the termination of a I1 state a t  the N terminus 
of a I1 sequence. 

As stated in section IA, the free energy difference on the 
right-hand side of eq 14’ is equal to -RT In UN (see eq 
l l a ) ,  and that of eq 14” is equal to -RT In uc (see eq l l b ) .  
For a specific-sequence copolymer, -RT In UN and -RT In 
oc are not always the same because different types of 
amino acid residues, in general, are present at  positions i - 
I ,  i, and i + 1; thus UN and uc [and also p’ (or (IC) and p” 
(or P N ) ]  can depend on the direction of the conformational 
transition. 

B. Discussion. The parameters U’I and U’II (hence p’) are 
the nucleation parameters assigned to the N termini of se- 
quences of 11’s and I’s, respectively, even in the middle of a 
chain, whereas u “ ~  and 8 x 1  (hence p”) are assigned to the C 
termini of such sequences. If the conformational transition 
occurred only in one direction, only two such u parameters, 
instead of four, would be required, but another set of two u 
parameters would then be required for a transition in the 
opposite direction, For the special case, where nucleation in 
either direction is equivalent (symmetric nucleation), only 
two nucleation parameters are required. 

In Schwarz’s treatment, it  was necessary to specify the 
direction of the conformational transition in order to assign 
the nucleation parameters U’I and U’II (hence p’) and U”I 

and U”II  (hence p”) to their appropriate conformational 
states.23 

As an illustration, consider the sequence in expression 66 

(66)  

where we have numbered the sequence 1 to 8 for conve- 
nience. Let us suppose that the sequence of expression 66 
was achieved by a transition in a certain direction (Le., 
from the N to the C terminus of the chain or vice versa) 
and that, for the transition from the N to the C terminus, 
the direction of interaction is taken from i to i + 1. Corre- 
lating the state of the i th  residue with that of the ( i  + l ) th ,  
we may write the free energy for the conformational state 
of expression 66 as 

1 2  3 1 5 G  7 8 
. . . 11, n, 11, I, I, I, 11, 11, . . . 

G =  . . .  ) +  
1 

((;I1 i C;I1l1) + (GI + GI*’) + (GI G’”) + 

( G I  G’t”) + (GI1 4 GI’?”) + 
8 

(GI1 + . . .) + . . . (67) 

where the parentheses group the free energies assigned to 
each residue according to eq 46. From the above argument, 
the sequence of expression 66 should be regarded as arising 
in a transition from the N to the C terminus because of the 
direction of interaction from i to i + 1. According to eq 46 

and 47, the statistical weight of the conformation in expres- 
sion 66 may be written as 

1 2  3 - 1 5 6 ;  8 
+ ~ ( ‘ I I , I I ~ ~ ’ I I , I I ~ ( ’ I I , I ~ ! ’ I , I ~ ( ’ I , I ~ ( ’ I , I I ~ ( ’ I I , I I  . . (68) 

With the aid of eq 49, 50,53, and 54, this may be written as 

. ~ I I ~ I I ( ~ ’ I I ~ I I ) ~ I ~ I ( ~ ‘ I ~ I ) ~ I I  * * (69) 

Thus, for a transition from the N to the C terminus U’II and 
U’I are assigned to the C termini of sequences of 11’s and 1’s 
(i.e., to residues 3 and 6 in expression 66). I t  should be 
noted that the parameter u, which is U’IU’II, according to eq 
63, is a measure of the nucleation of a sequence of like 
states, e.g., 141516 in expression 66. In the Zimm-Bragg 
theory of the helix ~t coil transition,8 the parameter u was 
assigned to the first residue of a sequence of like states, and 
no u was assigned to the last residue of such a sequence (see 
Table 111). 

Now consider the reverse direction for the conformation- 
al transition, Le., the sequence of expression 66 is regarded 
as arising in a transition from the C to the N terminus and 
the direction of interaction is taken from i to i - 1. Then 

G = . . .  + GI1) + (G1l*ll + GI1) + (G1l’l’ + GI1) + 

1 2  3 J i  6 7 

1 2 i 

1 7 I: 
(GI1*‘ + GI) + (GI*’ + GI) + ( G I p 1  + GI) + 

( G I * ”  + GI1) + (G”’“ + G G“) + . . . (70) 

or 

Thus, for the transition, from the C to the N terminus, u ” ~  
and U”II are assigned to the N termini of sequences of 1’s 
and 11’s (Le., to residues 4 and 7 in expression 66). Thus, if 
(and only if) the direction of the transition is specified, the 
parameters U’I and U’II (hence p’) and u”1 and U”II (hence 
0”) can be assigned explicitly to any residue of the chain. 
This was the reason why Schwarz’s nucleation parameters 
could not be compared to those of other theories in Table 
111, and why, in Schwarz’s formulation,16 it is impossible to 
express the elements of the matrix (such as eq 60) in terms 
of the six parameters, SI, SII, U’I, U’II, 81, and ~ ” I I ,  and 
hence impossible to express these elements in terms of s, u, 
p’, and p”, because the matrix “looks only in one direction” 
(from i to i + 1 in the case of eq 601, corresponding to the 
direction of matrix multiplication in eq 34 (or eq 73). How- 
ever, this difficulty does not arise in the matrix of eq 33. 
Nevertheless, both Schwarz’s and our theories yield the 
same result, as discussed in section IIA. 

C. Evaluation of Partition Function and Transition 
Curve. The partition function 2 and thermodynamic 
quantities such as 01, the average fraction of residues in 
form I, may be evaluated by the matrix method, using the 
matrix of eq 60 

z = uWN-1-J (73) 

u = (1,l) (74) 

where 

because the first residue a t  the N terminus may be in ei- 
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ther a I or a I1 state, which differs from the usual treatment 
of the end groups in the helix-coil transition,lS andz4 

The last equality makes use of the definition of uq of eq 47. 
The eigenvalues X1,2 of the matrix of eq 60 are 

A,,? = ’,”(SI + sII * \ ( s I  - sI1)’ + ~ o s ~ s ~ ~ ] ” ’ )  (76) 

The left- and right-hand eigenvector matrices are given by 

177) 1 0’ I 1  SI1 
A, - SII A, -- S I I  

and 

M-l = ~~ 1‘11 - ’2 ” I IsII  ] (78) 
o ~ I I s I I ( ; \ ~  - A,) L A 1  - sII -o’IIsII 

where 

(79) 

Using eq 47-50 of Schwarz,lG we may obtain Wnv and uWn. 
The partition function is given by Schwarz’s eq 51. The 
probability Fr(;) that  the i th  residue is in conformation I is 
given16 by 

and 01 is then given by 
V 

0, = (l/A\? c F I ( i )  (81) 

(see Schwarz’s eq 66). This value of 01 depends on the 
values of N ,  s ,  u, @’, and /3”. The evaluation of s, u, @’, and 
@“, in terms of interatomic potentials, in the absence and 
presence of solvent, is given in papers IF and III,zO respec- 
tively. 

References and Notes 

i = l  

This 
tute 
u s .  

work was supported by research grants from the National Insti- 
of General Medical Sciences of the National Institutes of Health, 
Public Health Service (GM-14312), and from the National Science 

Foundation (BMS71-00872 A04). 
(a) From Kyoto University, 1972-1975; (b)  address correspondence to 
this author. 
For a recent review, see H. A. Scheraga, Chem. Reu., 71,195 (1971). 
For reviews on the conformational properties of proline, see: (a) E. 
Katchalski, A. Berger, and J. Kurz, “Aspects of Protein Structure”, G. 
N. Ramachandran, Ed., Academic Press, New York, N.Y., 1963, p 205; 
(b )  L. Mandelkern, “Biological Macromolecules”, Val. I, G. D. Fasman, 
Ed., Marcel Dekker, New York, N.Y., 1967, p 675. 
According to the recommendations of an IUPAC Commission on no- 
menclature [Biochemistry, 9, 3471 (1970)], the terms “form I ”  and 
“form 11” helices for poly(L-proline) refer to the conformation about 
the peptide bond, viz., (II = 0’ and 180°, respectively. In this paper, we 
will follow this convention to designate regular helices of poly(L-pro- 
line), even though the minimum-energy values of w indicate slight de- 
viations from planarity of the peptide group, Le., w is close to, but not 
exactly equal to, 0 and 180°, respectively (see Table I1 of paper IF ) .  

(6) S. Tanaka and H. A. Scheraga, Macromolecules, part I1 following in 
this issue. 

( 7 )  For example, see D. Poland and H. A.  Scheraga, “Theory of Helix-Coil 
Transitions in Biopolymers”, Academic Press, New York, N.Y., 1970. 

( 8 )  B. H. Zimm and J. K. Bragg, J .  Chpm Phys. ,  31,526 (1959). 
(9) N. G6, M. GO, and H. A. Scheraga, Proc. Nat l .  Acad. Sci. U S . ,  59, 1030 

( 1968). 
(10) M. GO, N. G6, and H. A. Scheraga. J .  Chem. Phys., 52,2060 (1970). 
(11) M. GO, N. GO, and H. A. Scheraga, J .  Chem. Phys., 54,4489 (1971). 
(12) M. GO, F. T .  Hesselink. N. G6, and H. A. Scheraga, Macromolecules, 7, 

459 (1974). 
(13) Mattice and Mandelkern14 reported that poly(L-proline) can exist as a 

nonregular chain of form I1 in solution, rather than as a regular rigid 
structure of form 11. As we will discuss in a later paper,15 this is not yet 
a completely settled question; hence, in the present series of three pa- 
pers, we will assume that the poly(L-proline) chain consists of alternat- 
ing sequences of regular conformations (form I and form 11) except a t  
the junctions between these regular conformations. 

(14) W. L. Mattice and L. Mandelkern, J .  Am. Chem. SOC., 93, 1769 (1971). 
(15) S. Tanaka and H. A. Scheraga, Macromolecules. submitted for publi- 

(16) G. Schwarz, Biopolymers, 6,873 (1968). 
(17) J. Applequist, Biopolymers, 6, 117 (1968). 
(18) D. Poland and H. A. Scheraga, J .  Chem. Phys., 43,2071 (1965). 
(19) S. Lifson and A. Roig, J .  Chem. Phys.. 34,1963 (1961). 
( 2 0 )  S. Tanaka and H. A.  Scheraga, Macromolecules, part I11 following in 

this issue. 
(21) In this paper, we are interested primarily in the conformational transi- 

tions in polyamino acids, including poly(l.-proline). Therefore, we em- 
ploy the conventions and nomenclature proposed by an IUPAC-IUB 
Commission [Biochemistry, 9, 3471 (1970)]. Thus, a chain of N resi- 
dues is numbered from residue 1 at  the N terminus to residue N at  the 
C terminus. 

( 2 2 )  In general, the symbols I and I1 may designate the conformational 
states of either a residue or a segment of several residues. In these pa- 
pers, we use these symbols to represent the conformational states of 
the residue. 

(23) The argument in this section is presented in terms of SI. s11, u’l, ~ ’ 1 1 ,  ~ ” 1 ,  

and ~ ” I I .  However, it can also be presented in terms of s, U ,  f l ,  and p’ 
by using eq 62 and the following altered forms of eq 63-65: = 

(24) The expression for v is obtained by considering the following sequence 

cation. 

( u f ) ’ / 2 ;  u’II = ( u / B ’ ) ’ / 2 ;  u”I = ( u d ” ) ’ / 2 ;  o”Il = ( u / o ” ) ’ / 2 ,  

at  the C terminus 

. . . I I . I I .O e . . . I I . I . O  ( 4 
(the choice of other sequences, such a s .  . . 1,1,0 e . . . I,II,O, would yield 
the same result for u ~ l u r l  as in eq f) .  The equilibrium constant may be 
written as 

or 

( 1 1  = 
(m) 

- 
((1 I /‘“,I 

Using rq 54, eq c may be rewritten as 

From eq 63 

I1 = - 

Substituting eq e in eq d. we obtain 

which leads to eq 75. 


